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Two solutions back to Exam I: Abstract Algebra, MTH 320,Fall 2017 ,
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QUESTION 1. Let D, «) be a group.
(i) (5 points). Assume thata*b = b+ aforsomea,b € D. Provethat g « b~' = b=t e g,
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(i1) (S points). Let C = {z € D |z +y = y » x ¥y € D}. (i.e., each element in C commutates with every element in
D). Prove that C is a normal subgroup of D (Hint: you may need to use part (i) )
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(ii) (5 points). Let C' as in (ii). Assume that [2/C is cyclic. Prove that D is an abelian group.
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QUESTION 2. Let D = (Z, +) x (22,.)
(i) (3 points). Fine |(5,2)].
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(ii) (6 points). Construct two subgroups of D, say H; and s, such that each has 4 elements and F, = F} x F,
1y = Ly x Ly for some subgroups Fy, Ly of (Z5, +) and some subgroups £, L of (23, .).
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(iii) (3 points) Convince me that D does not have an element of order 24, . ’
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{iv) (4 points). Construct a subgroup of D, say H, such that A has 4 elements, but there is no subgroup N of (Z, +)
and there is no subgroup NV of (Z;,.) such that [l = ¥, x Ns.
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QUESTION 3. (i) (4 points). Is (Z7,.) group-isomorphic to (U(9),.)? If yes, then prove it. If no, then tell me why
not?
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(ii) (4 points). Is (Z;;..) group-isomorphic to (U(75),.)? If yes, then prove it. If no, then tell me why not?
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Giié) (6 points). Let f = (; 3 i ; g g 2 g ?)-‘:S;.Find |fI. Is € Ao? explain
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(iv} (6 points). Let (D, +) be a group. Assume that a + b = b « a for some a,b € D, |¢| = n, and [b] = m. Let
u = lem|n.m]. Prove that D has a cyclic subgroup with u elements. (Hint: You may need the fact: if d = gedin, m},
then ged( %, m) = 1 OR ged(n, B} =1).
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QUESTION 4. (i) (6 points). Is there a group-homomorphism f : (Z1g, +) — (Zo,+) such that f is nontrivial and f
is not ONTO? I yes, then construct such f and find Range(f) and Ker(f)- Il such f does not exist, EXPLAIN.
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(i) (6 points). Let (D, *) be a group with 155 elements. Assume that # is a normal subgroup of D with 5 elements.
Prove that A is the only subgroup of D with 5 elements. Ifa € D\ H and || £ 31, prove that D is cyclic.
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(iii) (Bonus7 points). Let  be a subgroup of a group (D, ). Assume that for each i € D'\ H, we have z«rzsri*iy €
a = [ for every o). T2, 23, T4 E & * H {(note that ..., T4 need not be distinct). Prove that & is a normal subgroup
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Exam I: Abstract Algebra, MTH 320,Fall 2017 Q/
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QUESTION 1. Let D, x] be a group
(i) (5 points). Assume that e b= b=« for some o, b € D. Prove thata = b~! =
i

a¥b=bxa = axbx L7 - Lxaxb
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(ii) (5 points}. Let C = {=
D). Prove that C is a normal subgroup of D (Hint: you may need to use part (i) )
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(iii} (5 points). Let C as in (ii). Assume that D/C is cyclic. Prove that D is an abelian group.
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QUESTION 2. Let D = (Zg, +) x (22,.)

() (3 points). Fine |(5,2)]. ’[glﬂ, - L(',MC |s] ,’ zv :
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{ii) (6 points). Construct two subgroups of D, say Hy and ffy, such that each has 4 elements and I, = F| x F3,
Ha = L) x La for some subgroups Fy, L; of {Zs, +) and 50me subgroups F, Ly (Jf'(Z5 .
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(iii) {3 points) Convince me that D does not have an elemem ol')_' der 24
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(iv) (4 points). Construct a subgroup of D, say /. such that H has 4 elements, but there is no subgroup N of {Z, +) 2
and there is no subgroup Nz of (Z5,.) such that # = Ny = Vs,
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QUESTION 3. (i) (4 points). Is (Z;,.) group-isomorphic to (U(9),.)? If yes, then prove it. If no, then tell me why

not? ‘-/Eg
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(ii) {4 points). Is (Z3,, .} group-isomorphic to (I/(75),.)7 If yes, then prove it. If no, then tell tie why not?
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(iii) (6 points). Let f = ( ) € Sy, Find | f|. Is f € A¢? explain
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(iv) {bpoints]). Let (D, ) be a group. Assume that a « & = b« a for some a,b € D) la| = 7, and [b] = m. Let

u = lem|ndm]. Prove that D has a cyclic subgroup with u elements. (Hint: You may need the fact: if d = ged(m, m),
then ged(4,m) = 1 OR ged(n, B) =1).
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QUESTION 4. () (6 points). Is th‘ffﬂgw n f i (Zig,+) =+ (Zo, +) such that f is nontrivial and f
is nm ONTQ? If yes. then construct such f and find Range(f yand Ker(f). If such f does not exist, EXPLAIN.
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(i) (6 points). Let (D «) be a group with 135 eleme
Prove that f is lh:. only subgroup of D with 5 elements. T e D H and [a # 31, prove that D is cyclic.
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(iii) (Bonus 7 points). Let H be a subgroup of a group (D *). Assume that foreach « € D\ H, we have xxraxra*ry €
a % H for every oy, 22,73, Ty € a4 * H (note that xp, ..., T3 need not be distinct). Prove that H is a normal subgroup

of D.

see page 4/13
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Q1(iii) Continues
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QA4(ii) continues

-1 A Zéwﬂu;
aa
b Prose: fa] Ea) = b e Gpoe

/QI:“\,’,-’”{L" w)wg Cr>) &Ca‘») js&
Ln
C/fﬁd NO/UE_
&f-@/wﬂwg‘.

ool u o

PL‘;& 4’5’ ore Cal{ v(:t 'a/,
[al= ISs = o]
ﬁll.w,//..-z’ \b :

D %e/&o.


abadawi
Text Box
Q4(ii) continues


Q3(iv) Continues
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